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Rohit Chandra, Juan Antonio Corrales-Ramon and Youcef Mezouar
Abstract— In this work we present the kinematic model of
an anthropomorphic hand, consisting of fingers with coupled
joints similar to humans, for forward and inverse kinematics
computation. Additionaly, a strategy for relative pose control
between the finger tips and thumb is also developed. The
formulation uses geometrical analysis, and the kinematic model
can easily be integrated with the kinematics of a robotic arm in
order to benefit from the added redundancy. The forward and
inverse kinematic formulations use unit dual-quaternion representation of screw based kinematics which ensures singularity
free representation of orientation. The model hence obtained is
implemented on an anthropomorphic hand for validation.

I. I NTRODUCTION
The operation of robotic hands performing grasping tasks
employs mainly two methods of operation: closing the
fingers until the tactile sensors on the fingertips senses a
contact; and using a kinematic model in conjunction with the
tactile sensors. The availability of a kinematic model allows
the user to pre-plan the grasping and in-hand manipulation
tasks, if stable grasping locations that ensures force-closure
grasps are known.
Underactuated hands provides a cheaper and lighter solution to grasping, in addition to self-adapting capability for
different kinds of objects [1]. A four-bar linkage comprising
middle and distal phalanx in a robotic finger can effectively
imitate the coupling that exist between the proximal and
distal interphalangical joints (i.e. PIP and DIP joints) of the
human fingers. Additionaly, the higher load bearing capacity
of four-bar linkages [2] makes them a natural choice for the
purpose of effort transmission in fingers.
However, the mechanism employing these systems often
presents additional complexity to the kinematic formulation,
owing to the non-linear relation between the actuation and
the motion of the finger joints. Some existing kinematic
formulations for these kind of fingers uses a simplified linear
coupling model for the relation between PIP and DIP joints
at the cost of accuracy, or a complex actuation mechanism
as a trade-off for the simplicity of the design [3].
In the current work we propose a geometrical method
to obtain the relation between the finger joints actuation
and the motion of finger consisting of such mechanisms
using a coupling Jacobian. The formulation hence developed
will allow the fingers to be used as an extension of the
arm. Thus allowing for a combined (joints positions of the
arm along with fingers joint positions) inverse-kinematics
computation to ensure reachability of the fingertips to the
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(a) Index finger and thumb of AR10 hand, with corresponding axes and frames.

(b) Index finger mechanism: Frames defined on the base
of the index finger (Σ0 ), on each rotational joints (i.e.
Σ1 , Σ2 , Σ3 ), and on the fingertip (Σ4 ).

Fig. 1: AR10 hand, and index finger mechanism.

grasping point, and pre-plan the grasping tasks in terms of
the finger movement. In addition to that, a relative Jacobian
has been derived between the index finger and the thumb

(see Fig. 1a) using a screw-based method similar to [4],
with the aim of using this model for grasping and in-hand
manipulation.
The formulation hence developed has been validated on
an anthropomorphic AR10 hand manufactured by Activ8
ROBOTS [5], consisting of fingers with lead screw actuators
and four bar mechanisms (see Fig. 1a). Though AR10 hand
provides a versatile yet relatively cost-effective solution for
performing grasping and manipulation task, a kinematic
model for the underactuated finger mechanism for forward
and inverse kinematics currently does not exist, as far as the
author knows.
In the following sections we describe the formulation of
finger Jacobian using unit dual quaternion formulation. The
use of screw based kinematics helps in avoiding the complexity of kinematic modelling associated with the traditional
Denavit Hartenberg convention based method. Screw-based
kinematics has the advantage of flexibility in the placement of frames on the links and selection of manipulator’s
reference configuration over Denavit-Hartenberg convention
based kinematics [6]. Unit dual quaternions provide an
efficient way to represent screw displacements, in addition
to a singularity free representation of orientation [7].
Subsection II provides the detail of the formulation of
kinematics and corresponding Jacobian for fingers with
coupled joints, in addition to the formulation of relative
Jacobian. The validation of the formulations obtained on
AR10 hand is explained in sec. III. Afterwards, a summary
of insights and future goals is presented in sec. IV.
II. U NIT DUAL QUATERNION BASED KINEMATIC
MODELING OF FINGER

A. Unit dual quaternion based kinematics
The forward kinematics and Jacobian formulation using
using unit dual quaternion representation presented in [7]
has been briefed below for completeness. Notations used and
respective meanings are defined as:
1
• Dual quaternions and dual vectors : Bold characters
with hat (e.g. x̂ and ŝ, respectively).
• Vectors: Bold characters (e.g. l).
• Row matrix: Underlined variables (e.g. θ, θ̂).
Pose representation using unit dual quaternion is given as:
!
!
!
θ̂
θ̂
θ̂
x̂ = exp
ŝ = cos
+ ŝ sin
(1)
2
2
2
where, θ̂ ∈ D is a dual angle and ŝ ∈ D3×1 is a directed
line represented using a unit dual vector.
θ̂ = θ + ε d,

ŝ = l + ε m,

ε2 = 0,

ε 6= 0,

(2)

where, θ is a rotation around the screw axis, d is translation
along the same axis, l is the unit direction vector of the screw
axis, and m is the moment of this screw axis with respect
1 Dual vectors are dual quaternions with pure quaternions as dual and
non-dual part. A pure quaternion, q is defined as q = q1 i + q2 j + q3 k.

to the origin of the reference frame (m = p × l), and p is
an arbitrary point lying on the screw axis.
Let x̂e0 be the initial pose of the end-effector with respect to the base frame, for the initial joint configuration

T
θ̂ 0 = θ̂10
∈ Dn×1 . The endθ̂20
···
θ̂n0
effector pose x̂e , relative to the base frame, Σb , for joint

T
∈ Dn×1 is
configuration θ̂ = θ̂1
θ̂2
···
θ̂n
given as:
x̂e = δT x̂e0 ,
δ̂T = δ̂1 δ̂2 · · · δ̂n ,
!
θ̂j
δ̂j = exp
ŝj .
2 0

(3)

where ŝj0 is the initial joint screw axis described using lj0
and mj0 , θ̂j is a joint displacement from the home position
θ̂j0 , and,
θ̂j = ∆θj ,
θ̂j = ε ∆dj ,

for revolute joints,
for prismatic joints.

The twist of the end-effector in the base frame, represented
in the base frame, is given as:
b

ξ̂be = ω + ε vo .

(4)

where, ω and vo , both pure quaternions, are the rotational
velocity of the end-effector frame, and the translational
velocity of a point which is attached to the end-effector frame
and is instantaneously coincident with the origin of reference
frame. The Jacobian using the current joint screw axis ŝj is
given as:


ŝ2
···
ŝn .
Ĵ = ŝ1
(5)
The dual vector of joint screw, ŝj for the new configuration, for the ith joint, can be obtained from its initial value
ŝj0 , by transforming it using the total displacement caused
by the previous (j − 1) joints 2 .

b

ŝj = b δ̂ T(j−1) ŝj0 b δˆ∗ T(j−1) ,

(6)

δ̂ T(j−1) = δ̂1 δ̂2 · · · δ̂(j−1) .

(7)

B. Formulation of index finger Jacobian
The kinematic mechanism corresponding to the index
finger of AR10 hand (Fig. 1a) is given in Fig. 1b. The
initial configuration of the joint angles, and screw axes are
computed and stored for a desired starting configuration,
with respect to the base frame of the index finger, i.e., Σ0 .
The relation between the finger configuration and the slider
positions is presented below.
The index finger consists of three joints where the last two
joints are coupled. The corresponding joints are θ̂ index =

T
θ̂i1
θ̂i2
θ̂i3 . The proximal phalanx lead screw
mechanism (slider1 ) rotates Σ1 around its z-axis, and thus
2b δˆ∗

T(j−1 )

is the classic dual quaternion conjugate of b δ̂T(j−1 ) .

changing θi1 . Using cosine rule for the ∆BCD, θi1 is
computed as:

 2
b1 + c1 2 − slider1 2
−1
θi1 = cos
(8)
2 b1 c1
θi2 , and consequently the rotation of Σ2 caused by
slider2 , is also computed using (8), using the corresponding
parameters, i.e., b2 , c2 and slider2 . The change in the
slider2 caused by the middle phalanx movement leads to
the change in θi2 as well as θi3 , owing to the four-bar
mechanism of the distal phalanx and middle phalanx defined
by the segments HF , JF , JK and KH. As can be seen in
the Fig. (1b), the change in θi2 , also corresponds to change
in φ. θi3 corresponding to a given φ is obtained using the
constraint of fixed length of the link JK, and the two loop
equations to define the position of point K from point H.


q sin(ψ) − p sin(φ)
−1
−φ
(9)
θi3 = tan
g + q cos(ψ) − p cos(φ)
where, ψ is given as:



C
B
−1
√
− cos
ψ(φ) = tan
A
A2 + B 2
A(φ) = 2 p q cos(φ) − 2 g q,
−1



B(φ) = 2 p q sin(φ)
C(φ) = g 2 + p2 + q 2 − h2 − 2 p g cos(φ).
The relation between the derivative of φ or θi2 , and θi3
is given as ([8]):
˙
˙
θi3
θi3
=
(10)
˙
φ̇
θi2
a sin(ψ − φ) − h sin(φ + θi3 − ψ)
.
=
h sin(φ + θi3 − ψ)
(11)

f (θi2 , ψ, θi3 ) =

Since change in θi2 corresponds to the change in φ, the
coupling Jacobian is given as f (θi2 , ψ, θi3 ), assuming the
initial offset between θi2 and φ is known. Finally, the unit
dual quaternion based Jacobian for the index finger is given
as (see Fig. 1a):


(ŝindex2 + ŝindex3 · f (θi2 , ψ, θi3 ))
Jindex = ŝindex1
(12)
Please note that the relations (9) to (12) are only valid
for the crossed configuration given in Fig. 1b ([9], [8]).
It has been assumed that the configuration will be crossed
throughout the operation, which is, in fact, true for the
particular hand we have chosen for validation of the strategy.
The error unit dual quaternion ê in the base frame, can
obtained as the relative displacement between the desired
and current pose, i.e. x̂d and x̂c , respectively computed in
the base frame.
ê = x̂c x̂∗d

(13)

where, x̂∗d is the classical quaternion conjugate of x̂d . The
control law for kinematic control for screw-based method

using unit dual quaternion representation for a given gain λ,
is:
ξ̂ = −λ ln(ê)
= −λ(θe le + ε (θe me + de le )) = −(ωe + εvoe )
(14)
where, {θe , de , le , me } are screw displacement parameter
related to the error dual quaternion ê, and λ is a positive
scalar gain for the controller. The global exponential convergence of the above mentioned control law (ξ̂) has been
proved for (−π ≥ θe ≥ π) in [7].
C. Formulation of relative Jacobian
The thumb consists of two lead screw mechanisms with
three bars, in series. The geometrical arrangement is similar
to the first two mechanisms of the index finger, i.e., ∆BCD
and ∆EHG. However, the rotation axes of the thumb, i.e.
ŝthumb1 and ŝthumb2 , are not coplanar, as was the case with
the index finger (refer Fig. 1b). The forward kinematics for
the thumb is computed using (8).
The relative Jacobian maps the intermediate joint displacement to the relative screw displacements between the index
fingertip and thumbtip frames. The index fingertip is taken
as the reference frame for the relative pose control (Fig. 1a).
The relative Jacobian defined in the index fingertip frame is
given as:

Jrel = (ŝi2 + ŝi3 · f (θi2 , ψ, θi3 ))

ŝi1

ŝt1


ŝt2 )
(15)

Please note that, in the above equation, the subscript index
has been replace with i for the joint screw axes of index
finger, for the sake of compactness, whereas subscripts t1
and t2 refers to the joint screw axes of the thumb joints. It
is important to point out that all the joint screw axes, which
were computed at the base frame, Σ0 , has to be transformed
to the frame at the index fingertip (Σindex ), during the
starting of the computation. The joint displacement array
corresponding to the relative Jacobian defined in (15) is:

T
(16)
δ θ̂ rel = −δ θ̂i2
−δ θ̂i1
δ θ̂t1
δ θ̂t2
Again, note that the joint displacements for the index
finger joints are negative, in order to account for the reverse
sense of displacement as seen from the index finger tip frame,
compared to the displacement observed from the base frame
Σ0 .
III. E XPERIMENTAL VALIDATION AND RESULT
The Jacobian formulated in (12) for the finger mechanism
was used for the inverse kinematic control for the index
finger of AR10 hand (see (14)). Using the formulations
discussed in subsection II-B, the initial values of θ1 , θ2 ,
and θ3 were obtained. The subsequent angular displacements
were computed using the current slider positions for forward
kinematics. The slider commands for inverse kinematic control were computed by using the inversion of (8) and (9),
using the initial and the computed values of θ1 , θ2 , and θ3 .

TABLE I: Error of the index finger IK computation.

Index fingertip trajectory
Desired
Initial
λ = 0.1
λ = 0.5
λ=1

y(in m)

0.20

0.15

0.10
4 · 10−2

8 · 10−2
x(in m)

Fig. 2: Trajectory of the fingertip of the index finger.
ScrewErrornorm
λ = 0.1
λ = 0.5
λ=1

2.00

1.00

Gain
0.1
0.5
1

Xerror (in mm.)
-1.37181
-0.196327
-0.598718

Yerror (in mm.)
-3.89763
-0.373781
-0.714857

The parameters given in Fig. (1b) and similarly for the
thumb, i.e. the dimensions of all the involved segments, were
computed using manual measurements. In the following experiments we express the error of inverse kinematics with the
assumption of perfect knowledge of those parameters. Since
the fingers have very limited workspace, a pre-identified
achievable configuration was chosen as desired position of
the finger tip, which was given as unit dual-quaternion. As
the finger can be considered as a planar mechanism, the XY
plane trajectory taken by the finger tip have been depicted
in Fig. 2.
The exponential convergence of the norm of the error
screw parameters used in the controller (see (14)), computed
as:
p
(17)
ScrewErrornorm = ωe2 + voe 2 ,

0.00
0 10 20 30 40 50 60
time(sec.)

Fig. 3: Performance of the inverse kinematics controller.
Relative pose trajectory
Desired
Initial
λ = 0.5
λ = 0.6
λ = 0.8

y(in m)

0.04
0.02

is evident in Fig. 3. Among the three controller gains tested,
the best performance was achieved for the gain λ = 0.5. The
convergence is slowest for λ = 0.1, while some oscillation
can be seen in the Finger tip trajectory plot in Fig. 3 for
λ = 1. The error at the end of the inverse kinematic control,
i.e. at the steady state is given in Table I, which demonstrates
that for the gains of λ = 0.5 and 1, the error is under one
mm.

0.00
−0.02
−0.1

0
x(in m)

Fig. 4: Trajectory of the relative pose between index fingertip
and thumbtip in the index fingertip frame.
ScrewErrornorm
2.00

λ = 0.5
λ = 0.6
λ = 0.8

1.50

Fig. 6: Initial and Desired configuration of relative motion
task.

1.00
0.50
0.00
0 10 20 30 40 50 60
time(sec.)

Fig. 5: Performance of the inverse kinematics controller for
relative pose control.

The performance of the relative pose control between
index and thumb tips are given in Fig. 4 and Fig. 5. The
results for only those gains that provided satisfactory result
have been provided. Similar to the index finger inverse
kinematic control, the desired pose was obtained from a
known achievable pose. As can be seen in Fig. 4, the gain of
λ = 0.6 was found to be most suited for relative pose control.
However, an offset can be observed in the ScrewErrornorm

in the Fig. 5, which is 5.5 mm and 0.2 mm in x and y axis
respectively. This is attributed to the fact that the relative
task space consists of 6 dof s, while the combined sytem of
index and thumb can only afford 4 dof s. While this was the
same case with index finger, the planar construction of index
finger helped dealing with issue. While in the case of thumb
plus index finger, there are non-planar joints involved.

•

IV. C ONCLUSION AND FUTURE WORK
The finger Jacobian comprising of coupled joints used in
the inverse kinematics controller demonstrates exponential
convergence for the desired end-effector position. The relative pose control between index and thumb fingertip gave
promising results, however demonstrated the need for further
work, so that it can be used for real applications like in-hand
manipulation.
For the future work, we have identified following areas of
improvements:
• Calibration of fingers: As we noted in the experimental
validation section, the parameters used in the modeling

•

were manually measured, since the manufacturer have
not provided an accurate model. A vision based calibration method can be employed to estimate the joint
screw axes parameters and the fingertips poses [10].
Task specific Jacobian: Since the fingers have limited
dof s, special care has to taken about the control objectives. For example, distance Jacobians can be employed
for relative control [11], since it is not really important
to control the orientation of the frames, in the case of
grasping. In addition to that, null-space control can be
used along with reduced dimension tasks, to respect the
joint limits of the fingers.
Integration with a robotic arm: The kinematic model
for the fingers developed in this work can easily be integrated with the kinematic model of a robotic arm, for
example Baxter robot [12], to increase the applicability
of the hand.
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