N
N

N

HAL

open science

Survey and additional properties on p-adic meromorphic
functions f> P’ (f ), g’ P ’ (g) sharing a small function

Kamal Boussaf, Alain Escassut, Jacqueline Ojeda

» To cite this version:

Kamal Boussaf, Alain Escassut, Jacqueline Ojeda. Survey and additional properties on p-adic mero-
morphic functions f> P’ (f ), g’ P’ (g) sharing a small function. Contemporary mathematics, 2013.

hal-01907057

HAL Id: hal-01907057
https://uca.hal.science/hal-01907057
Submitted on 28 Oct 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://uca.hal.science/hal-01907057
https://hal.archives-ouvertes.fr

Survey and additional properties on p-adic meromorphic
functions f'P'(f), ¢’ P'(g) sharing a small function

Kamal Boussaf, Alain Escassut and Jacqueline Ojeda!

2012/ 08/14

Abstract

Let K be a complete algebraically closed p-adic field of characteristic zero. Let f, g be
two transcendental meromorphic functions in the whole field K or meromorphic functions in
an open disk that are not quotients of bounded analytic functions. Let P be a polynomial of
uniqueness for meromorphic functions in K or in an open disk and let a be a small meromorphic
function with regards to f and g. Here we present the following results: if f'P'(f) and g’ P'(g)
share a counting multiplicity, then we show that f = g provided that the multiplicity order
of zeros of P’ satisfy certain inequalities. If o is a Moebius function or a non-zero constant,
we can obtain more general results on P. Further, when f, g are entire analytic functions or
analytic functions inside an open disk, we can obtain a new result improving that published
by the third author

1 Introduction and Main Results

Let f, g be two meromorphic functions in a p-adic field. Here we study polynomials P such
that, when f'P’(f) and ¢’P’(g) share a small function «, then f = g. Problems of uniqueness
on meromorphic functions were examined first in C [10], [11], [13], [16], [17], [18], [19], [20], [25],
[26], [27] and next in a p-adic field [1], [5], [6], [7], [14], [15], [21], [22], [23], [24]. After examining
problems of the form P(f) = P(g), several studies were made on the equality f'P'(f) = ¢'P'(g),
or value sharing questions: if f'P’(f) and ¢'P’(g) share a value, or a small function, do we have
f = g? Here we recall results previously obtained no matter what the number of zeros of P’.
Results also apply to meromorphic functions inside an open disk. They were published in [2].
Moreover, here we will examine the particular case of analytic functions and will improve results
of [23].

Let K be an algebraically closed field of characteristic zero, complete for an ultrametric absolute
value denoted by | . |. We denote by A(K) the K-algebra of entire functions in K, by M(K) the
field of meromorphic functions in K, i.e. the field of fractions of A(K) and by K(z) the field of
rational functions.
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Let a € K and R €]0,+oo[. We denote by d(a, R) the closed disk {z € K : |z — a|] < R} and
by d(a, R™) the ”open” disk {x € K: |x — a| < R}. We denote by A(d(a, R™)) the set of analytic

functions in d(a, R™), i.e. the K-algebra of power series Zan(x —a)" converging in d(a, R~) and
n=0

by M(d(a, R™)) the field of meromorphic functions inside d(a, R™), i.e. the field of fractions of

A(d(a, R™)). Moreover, we denote by Ap(d(a, R™)) the K - subalgebra of A(d(a, R™)) consisting of

the bounded analytic functions in d(a, R™), i.e. which satisfy sup |a,|R"™ < +00 . And we denote
neN

by My(d(a, R™)) the field of fractions of A,(d(a, R™)). Finally, we denote by A,(d(a, R~)) the
set of unbounded analytic functions in d(a, R™), i.e. A(d(a,R7)) \ Ap(d(a, R7)). Similarly, we set
Mu(d(a, R7)) = M(d(a, R7)) \ Mp(d(a, R7)).

The problem of value sharing a small function by functions of the form f’P’(f) was examined
first when P was just of the form =™ [10], [21], [27]. More recently it was examined when P was a
polynomial such that P’ had exactly two distinct zeros [18], [20], [23], both in complex analysis and
in p-adic analysis. In [18], [20] the functions where meromorphic on C, with a small function that
was a constant or the identity. In [23], the problem was considered for analytic functions in the
field K: on one hand for entire functions and on the other hand for unbounded analytic functions
in an open disk.

Actually solving a value sharing problem involving f'P’(f), ¢'P’(g) requires to know polyno-
mials of uniqueness P for meromorphic functions.

In [23] the third author studied several problems of uniqueness and particularly the following:

Let f,g € A(K) be transcendental (resp. Let f,g € Au(d(0,R7))) and o € A(K) (resp.
o € Au(d(0,R7))) be a small function, such that f™(f —a)*f' and g"(g — a)*g' share o, counting
multiplicity, with n,k € N and a € K\ {0} (see Theorems D and E below).

Here we consider functions f, g € M(K) or f, g € M(d(a, R™)) and ordinary polynomials P:
we must only assume certain hypotheses on the multiplicity order of the zeros of P’. The method
for the various theorems we will show is the following: assuming that f'P’(f) and ¢’ P'(g) share a
small function, we first prove that f'P’'(f) = ¢'P’(g). Next, we derive P(f) = P(g). And then,
when P is a polynomial of uniqueness for the functions we consider, we can conclude f = g.

Now, in order to define small functions, we have to briefly recall the definitions of the clas-
sical Nevanlinna theory in the field K and a few specific properties of ultrametric analytic or
meromorphic functions [4].

Let log be a real logarithm function of base b > 1 and let f € M(K) (resp. f € M(d(0,R7)))
having no zero and no pole at 0. Let  €]0, +oo| (resp. r €]0, R[) and let v € d(0,7). If f has a

zero of order n at v, we put w,(h) = n. If f has a pole of order n at 7, we put w,(f) = —n and
finally, if f(v) # 0, 00, we set wy(f) =0

We denote by Z(r, f) the counting function of zeros of f in d(0,r), counting multiplicity, i.e.

Z(r, f) = max(wo, 0) logr + > w,(f)(logr —log [v]).
Wy ())>0, 0<|y|<r

Similarly, we denote by Z(r, f) the counting function of zeros of f in d(0,r), ignoring multi-
plicity, and set

Z(r, f) = ulogr + Z (logr —log |v])
wy (£)>0, 0<|y|<r

with u = 1 when wo(f) > 0 and v = 0 else.
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In the same way, we set N(r, f) = Z(r, %) (resp. N(r, f) = 7(7", %)) to denote the counting
function of poles of f in d(0,r), counting multiplicity (resp. ignoring multiplicity).

For f € M(d(0, R™)) having no zero and no pole at 0, the Nevanlinna function is defined by
T(r,f) =max{Z(r, f),N(r, f)}.

Now, we must recall the definition of a small function with respect to a meromorphic function
and some pertinent properties.

Definition. Let f € M(K) (resp. let f € M(d(0,R7))) such that f(0) # 0,00. A function
o € M(K) (resp. a € M(d(0,R7))) having no zero and no pole at 0 is called a small function

T T
with respect to f, if it satisfies TETOO TE:Z (;j; (r, ) = O).

If 0 is a zero or a pole of f or «, we can make a change of variable such that the new origin is
not a zero or a pole for both f and «. Thus it is easily seen that the last relation does not really
depend on the origin.

We denote by My (K) (resp. M(d(0,R7))) the set of small meromorphic functions with
respect to f in K (resp. in d(O,R*)).

=0 (resp. lim

Remark 1. Thanks to classical properties of the Nevanlinna function T(r, f) with respect to the
operations in a field of meromorphic functions, such as T(r,f +g) < T(r,f) + T(r,g) + O(1)
and T(r,fg) <T(r,f)+T(r,g) +0Q1), for f,g € M(K) and r > 0, it is easily proved that
My (K) (resp. My(d(0,R7))) is a subfield of M(K) (resp. M(d(0,R7))) and that M(K) (resp.
M(d(0, R))) is a transcendental extension of My(K) (resp. of Ms(d(0,R7))) [9].

Let us remember the following definition.

Definition. Let f,g,a € M(K) (resp. let f,g,a € M(d(0,R™))). We say that f and g share the
function o C.M., if f —«a and g — « have the same zeros with the same multiplicity in K (resp. in
d(0,R7)).

Recall that a polynomial P € K[z] is called a polynomial of uniqueness for a class of functions
F if for any two functions f, g € F the property P(f) = P(g) implies f = g.

The definition of polynomials of uniqueness was introduced in [19] by P. Li and C. C. Yang and
was studied in many papers [12], [13] for complex functions and [1], [6], [7], [14], [15], [17], [24], for
p-adic functions.

Actually, in a p-adic field, we can obtain various results, not only for functions defined in the
whole field K but also for functions defined inside an open disk because the p-adic Nevanlinna
Theory works inside a disk, for functions of M, (d(0, R™)).

The following theorem is classical for analytic functions [26] and was proved for meromorphic
functions in [7] and in [14] but it is also a consequence of Theorem 1 in [24].

Theorem A: Let P € K[z] be such that P’ has exactly two distinct zeros v1 of order ¢1 and 7,
of order co. Then P is a polynomial of uniqueness for A(K). Moreover, if min{ci,ca} > 2, then
P is a polynomial of uniqueness for M(K).

Another way to obtain polynomials of uniqueness was given in [7]. It also applies to meromor-
phic functions inside an open disk.

Notation: Let P € K[z] \ K and let Z(P) be the set of zeros ¢ of P’ such that P(c) # P(d) for
every zero d of P’ other than ¢. We denote by ®(P) the cardinal of Z(P).
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Remark 2. If deg(P) = q then ®(P) < g —1.
From [7] we have the following results:

Theorem B: Let d(a,R™) be an open disk in K and P € K[z]. If ®(P) > 2 then P is a
polynomial of uniqueness for A(K). If ®(P) > 3 then P is a polynomial of uniqueness for both
Ay (d(a, R7)) and M(K). If ®(P) > 4 then P is a polynomial of uniqueness for My (d(a, R™)).

We can find the statements of Theorem C in [23]:

Theorem C: Let P € Klx] such that P’ admits exactly 2 distinct zeros of respective order n
and k.

i) Suppose k =2, n > 3. Then P is a polynomial of uniqueness for M, (d(0,R7)).

it) Suppose k =1, n > 1. Then P is a polynomial of uniqueness for A,(d(0,R7)).

In [23], the third author proved the following theorems D and E concerning entire functions
and analytic functions in a disk when the polynomial P has only two distinct zeros:

Theorem D: Let f,g € A(K) be transcendental such that f*(f —a)*f' and g"(g — a)*g’ share
the function a € Af(K) N Ay(K) C.M. withn,k € N and a € K\ {0}. If n > max{6 — k, k+ 1},
then f = g. Moreover, if o« € K\ {0} and n > max{5 —k, k+ 1}, then f =g.

Theorem E :  Let f,g € A, (d(0,R7)),let v € A¢(d(0,R7)) N Ag(d(0,R™)) and let a € K\{0}.
If f°(f —a)?f' and g"(g — a)?g’ share the function @ C.M. and n > 4, then f = g. Moreover, if
f*(f —a)f and g"(g —a)g’ share the function « C.M. and n > 5, then again f = g.

We acn now state our main results and we will givea proof for those that are not published

1
Theorem F: Let P be a polynomial of uniqueness for M(K), let P’ = b(z — a1)" H(:E —a;)k
i=2
withbe K*, 1 >2, k; > kip1, 2<i<I1l—1andletk = Eé:z k;. Suppose P satisfies the following

conditions:
!

n>10+ > max(0,4 — k;) + max(0,5 — ky),

n>k+ 2,Z ’

ifl =2, thenn # 2k, 2k+1, 3k+1,

ifl=3, thenn # 2k + 1, 3k; — k Vi = 2,3.

Let f,g € M(K) be transcendental and let oo € M(K) N My(K) be non-identically zero. If
f'P'(f) and ¢'P’'(g) share « C.M., then f = g.

By Theorem B, we have Corollary F.1:

Corollary F.1: Let P € K|x] satisfy ®(P) > 3, let P' = b(x —a1)" ﬁ(x —a;)* with b € K*,
>3, ki>kiy1, 2<i<l—1andletk = Eé:z k;. Suppose P satisﬁe;:t?w following conditions:
n > 10+ i max(0,4 — k;) + max(0,5 — k2),
n>k+2
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ifl=3, thenn #2k+1, 3k —k Vi = 2,3.
Let f,g € M(K) be transcendental and let o € M (K) N My(K) be non-identically zero. If
f'P'(f) and ¢'P'(g) share o C.M., then f = g.

And by Theorem A we also have Corollary F.2.

Corollary F.2: Let P € K[z] be such that P’ is of the form b(x — a1)"(x — a2)* with min(k,n) >
2.

Suppose P satisfies the following conditions:

n > 10 4+ max(0,5 — k),

n>k+2,

n 2%, 2k+1, 3k+ 1.

Let f,g € M(K) be transcendental and let o € M (K) N My(K) be non-identically zero. If
f'P'(f) and ¢'P’'(g) share « C.M., then f = g.

1
Theorem G: Let P be a polynomial of uniqueness for M(K), let P' = b(x — a1)" H(x —a;)k
i=2
withbe K*, 1 >2, k; > kip1, 2<i1<1I—1andletk = Zé:z k;. Suppose P satisfies the following
conditions:

n>9+ Zmax(o,él —k;) +max(0,5 — ka),

n>k-+ 5,3

ifl=2, thenn # 2k, 2k+1, 3k +1,

if1=3, thenn # 2k +1, 3k — k Vi = 2,3.

Let f,g € M(K) be transcendental and let o be a Moebius function. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.

By Theorem B, we have Corollary G.1.
l
Corollary G.1: Let P € K[z| satisfy ®(P) > 3, let P' =b(x —ay)" H(x —a;)* with b € K,
i=2
1>3,ki>kiy1, 2<i<l—1andletk = Zé:z k;. Suppose P satisfies the following conditions:
l

n>9+ Zmax(o,él —k;) +max(0,5 — ka),
i=3
n>k+2,
ifl =3, thenn #2k+1, 3k; — k Vi=2,3.
Let f,g € M(K) be transcendental and let o be a Moebius function. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.

And by Theorem A, we have Corollary G.2.

Corollary G.2: Let P € K[z] be such that P’ is of the form b(z — a1)"(x — az)* with min(k,n) >
2 and with b € K*. Suppose P satisfies the following conditions:

n > 9+ max(0,5 — k),

n>k+2,

n# 2k, 2k+1, 3k+1,

Let f,g € M(K) be transcendental and let o be a Moebius function. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.
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l
Theorem H: Let P be a polynomial of uniqueness for M(K), let P' = b(x — a1)" H(x —a;)"
i=2
withbe K*, 1 >2, k; > kip1, 2<i1<1I—1andletk = Zé:z k;. Suppose P satisfies the following
conditions:
n>k+2,
l

n>9+ Zmax(o,él —k;) + max(0,5 — ka).

=3
Let f,g € M(K) be transcendental and let « be a non-zero constant. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.

By Theorem B, we have Corollary H.1.

l
Corollary H.1: Let P € K[z| satisfy ®(P) > 3, let P' =b(x —ay)" H(x —a;)" with b € K,
i=2
1>3, ki >kip1, 2<i<Il—1andletk = Eé:z k;. Suppose P satisfies the following conditions:
n>k+2,
l

n>9+ Zmax(o,él — k;) + max(0,5 — ka).

=3
Let f,g € M(K) be transcendental and let « be a non-zero constant. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.

And by Theorem A, we have Corollary H.2

Corollary H.2: Let P € K[x] be such that P’ is of the form b(x — ay)"(z — az)® with k > 2 and
with b € K*. Suppose P satisfies the following conditions:

n > 9+ max(0,5 — k),

n>k+2,

n# 2k, 2k+1, 3k+ 1.

Let f,g € M(K) be transcendental and let « be a non-zero constant. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.

Theorem I: Leta € K and R > 0. Let P be a polynomial of uniqueness for M, (d(a, R™)) and
!

let P' =b(x —ay)" H(:E — ai)k" withb e K*, 1 > 2, ki > kip1, 2<i<Il—1andletk = 2222 k;.
i=2
Suppose P satisfies the following conditions:
l

n>10+ > max(0,4 — k;) + max(0,5 — ky),

n>k+ 3,Z ’

ifl =2, thenn # 2k, 2k+1, 3k+1,

ifl=3, thenn #2k+1, 3k; — k Vi = 2,3.

Let f,g € My(d(a,R7)) and let « € My(d(a, R™)) N Mgy(d(a, R™)) be non-identically zero. If
f'P'(f) and ¢'P’'(g) share « C.M., then f =g.

By Theorem B we can state Corollary I.1.
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1
Corollary I.1: Leta € K and R > 0. Let P € K[z] satisfy ®(P) > 4, let P' = b(z — a1)" H(:z: —a;)k
i=2
withbe K*, 1 >4, k; > kiy1, 2<i<l—1andletk = 2222 k;. Suppose P satisfies the following
conditions:

n > 10+ Zmax(o,zl — k;) +max(0,5 — k2),
i=3
n>k+3,
Let f,g € My(d(a,R7)) and let « € My(d(a, R™)) N Mgy(d(a, R™)) be non-identically zero. If
f'P'(f) and ¢'P’'(g) share « C.M., then f =g.

And by Theorem C we have Corollary 1.2:

Corollary I.2: Leta € K and R > 0. Let P € K[x] be such that P’ is of the form b(z — a1)"™(z — az)?
with b € K*. Suppose P satisfies

n > 10 + max(0,5 — k).

Let f,g € My(d(a,R™)) and let « € My(d(a, R™))NM(d(a, R™)) be non-identically zero. If
f'P'(f) and ¢'P’'(g) share « C.M., then f =g.

Theorem J:  Let P be a polynomial of uniqueness for M(K) such that P' is of the form
1

blx —a1)" H(x —a;) with 1 >3, b € K*, satisfying:
i=2
n > 1+ 10,
if =3, thenn # 20 — 1.
Let f,g € M(K) be transcendental and let o € M §(K)NMy(K) be non-identically zero. If f'P'(f)
and g'P'(g) share « C.M., then f = g.

By Theorem B, we have Corollary J.1:
Corollary J.1: Let P € K[z] satisfy ®(P) > 3 and be such that P’ is of the form
1

b(x —ar)" H(x —a;) with 1 > 3, b € K* satisfying:
i=2
n > 1+ 10,
if l=3, thenn # 20 — 1.
Let f,g € M(K) be transcendental and let « € M (K)NMy(K) be non-identically zero. If f'P'(f)
and g'P'(g) share « C.M., then f = g.

Theorem K: Leta € K and R > 0. Let P be a polynomial of uniqueness for My (d(a, R™))
!

such that P’ is of the form P’ = b(x — ay)" H(x —a;) with 1 >3, b e K* satisfying:
i=2
n > 1+ 10,
if 1 =3, thenn # 20 — 1.
Let f,g € My(d(a,R™)) and let « € My(d(a, R™)) N Mgy(d(a, R™)) be non-identically zero. If
f'P'(f) and ¢'P’'(g) share « C.M., then f =g.

By Theorem B, we have Corollary K.1:

Corollary K.1: Leta € K and R > 0. Let P € K[z] satisfy ®(P) > 4 and be such that P’ is of
!

the form P’ = b(x — ay)" H(x —a;) with1>4,beK* andn > 1+ 10.
i=2
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Let f,g € My(d(a,R7)) and let & € My(d(a,R™)) N Mgy(d(a,R™)) be non-identically zero. If
f'P'(f) and ¢'P’'(g) share « C.M., then f =g.

. _r & v st 1) — P17 _ 9,16 _ .15 4 _
Example: Let P(x) 18 1 16 + T Then P'(z) = = 2z x4 22
24 (z — 1)(z + 1)(z — 2). We check that:

P(0) =0,
2 1 2
Pl)=——- =2 - —
O TR T A TR T e e i s
12 1 2 218 918 916 9
P(-1) = —4—————2#0,P(1), and P(2) = — -~ —Z_ 4~ 20,P(1), P(—1).

18 17 16 15 18 17 16 15
Then ®(P) = 4. So, P is a polynomial of uniqueness for both M(K) and M (d(0, R™)). Moreover,
we have n = 14,1 = 4, hence we can apply Corollaries J.1 and K.1.
Given f, g € M(K) transcendental or f, g € M,(d(0,R™)) such that f'P’'(f) and ¢'P’(g)
share a small function ae C.M., we have f = g.

Theorem L:  Let P be a polynomial of uniqueness for M(K) such that P" is of the form
l

P =b(x —ay)" H(:v —a;) with 1 >3, b € K* satisfying
i=2
n>10+9,
ifl=3, thenn # 2l — 1.
Let f,g € M(K) be transcendental and let o be a Moebius function. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.

Theorem M: Let P be a polynomial of uniqueness for M(K) such that P’ is of the form
l

P =b(x—ay)" H(:v —a;) with 1 >3, b € K* satisfying n > 1+ 9.
i=2
Let f,g € M(K) be transcendental and let « be a non-zero constant. If f'P'(f) and g'P’'(g)
share o C.M., then f =g.

Example: Let P(z) = 2% —az? ? + b with a € K*, b € K, with ¢ > 5 an odd integer. Then g
and ¢ — 2 are relatively prime and hence by Theorem 3.21 [15] P is a uniqueness polynomial for
M(K) and P’ admits 0 as a zero of order n = ¢ — 3 and two other zeros of order 1.

Let f, g € M(K) be transcendental and let & € M(K) be a small function such that f, g share
a C.M.

Suppose first ¢ > 17. By Theorem J we have f = g. Now suppose ¢ > 15 and suppose « is a
Moebius function or a non-zero constant. Then by Theorem L and M, we have f = g.

Theorem N:  Let f, g € M(K) be transcendental and let o« € M ¢(K)NM,(K) be non-identically

zero. Let a € K\ {0}. If f'f™(f —a) and ¢’9g"(g — a) share the function o C.M. and if n > 12,
2) (At — 1

then either f = g or there exists h € M(K) such that f = a(n + )( )h and g =

n+1 \hrt2 -1
a(n+2)(h”+1 -1

n+1 \hnt2 -1
holds whenever n > 11.

). Moreover, if o is a constant or a Moebius function, then the conclusion

Inside an open disk, we have a version similar to the general case in the whole field.
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Theorem O: Let f, g € M,(d(0,R7)), and let o € My(d(0,R™)) N My(d(0,R™)) be non-
identically zero. Let a € K\ {0}. If f'f™(f — a) and ¢'g" (g — a) share the function a« C.M. and

2) (At —1
n > 12, then either f = g or there exists h € M(d(0,R™)) such that f = a(n + )( )

n+1 \ht2 -1
a(n+2) (h"“ - 1)
n+1 \hnt2_-1/"

and g =

Remark 3. In Theorems N and O, the second conclusion does occur. Indeed, let h € M(K)
n+2)(hn+1> -1
n+ 1"\ hnt2 -1

1
and f = hg. Then by Remark 1 we can see that the polynomial P(y) = —— "t y"
n 4+ 2 n+1

satisfies P(f) = P(g), hence f'P'(f) = ¢'P'(g), therefore f'P'(f) and g’ P'(g) trivially share any
Sfunction.

(resp. let h € M, (d(0,R™))). Now, let us precisely define f and g as: g = (

Remark 4. All theorems above have suggested results on complex meromorhic functions, with
figures that are just slightly less fine [3].

In order to prove Theorem P, we wiil prove the following three lemmas:

Lemma 1: Let R € R and let f, g € A(d(a,R™)). Then fg belongs to Ay(d(a,R™)) if and
only if so do both f, g.

Lemma 3 is known in the Nevanlinna Theory [4], [8].

Lemma 2: Let f € M(K) (resp. f € M(d(0,R7))) have no zero and no pole at 0. Let
GY) e Ms(K)Y), (resp. G € My(d(0,R7))(Y)), let n = deg(G). ThenT(r,G(f)) =nT(r, f)+
o(T(r, f))-

Lemma 3:  Let P € Kx] with deg(P) > 1 and let f, g € A(K)\ K (resp. f, g € Ay(d(a,R7)))
be such that P(f) = P(g) +¢, c€ K. Then ¢ =0.

Proof: Let P(z) =Y ;_, axz” witha,, # 0. Foreachk = 1,...,n—1, let Qx(z,y) = ay Z?:o Iyk=i.

Then P(z)—P(y) = (1—y) (34, Qx(z,y))- Suppose first £, g € A(K). Since (f—g)(332; Qu(£.9))
is a constant, we know that both f — g, Z;ll Qk(f,g)) are constants. Thus we have g = f + b
with b € K. Let G(x) = 22;11 Qr(z,x+b)). We can check that G is a polynomial of degree n — 1.
And since G(f) is a constant, we have n — 1 = 0, a contradiction. Thus, f = g.
n—1
Similarly, suppose now f, g € Ay(d(a,R™)). By Lemma 1 both f—g, Z Qr(f,g)) are
k=1
bounded, so we have ¢ = f + h, with h € Ay(d(a,R”)). Consider the polynomial B(z) =
n—1
Z Qr(z,x + h)) € My(d(a, R™))(x). Then B(x) is a polynomial with coefficients in My (d(a, R™))
k=1
and deg(B)) is n — 1 hence by Lemma 2 we have T'(r, B(f)) = (n — 1)T'(r, f) + Sy(r). But since
B(f) is bounded, it belongs to Mj(d(a, R~))(x), hence n = 1, a contradiction again.

Theorem P: Let P(x) € Kz] be a polynomial of uniqueness for A(K) (resp. for A(d(a,R7))),
!
let P'(x) = H(x —a;)* and let f,g € A(K) be transcendental (resp. let f,g € Ay(d(a,R7)))

i=1
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such that f'P'(f) and g'P’'(g) share a small function o € Ap(K)NAG(K) (resp. o € Ap(d(,R™))N
1
Ag(d(a, R7))). Ikal > 20+ 2 then f = g. Moreover, if f, g belong to A(K), if « is a constant
i=1
l
and szkl > 2041 then f =g.

i=1

g'P'(g)

! D/
Proof: Set F = F'P(f) and G = , so F' and G share the value 1 C.M. Since F, G
@

F—a
share v C.M., the function e has no zero and no pole, hence it is a constant ¢ € K* (resp.
-«

an invertible function ¢ € A(d(a,R7))) . Suppose ¢ # 1 We have F' — a = ¢(G — «), hence
F = ¢G + a(1 — ¢). Now applying the Second main Theorem to F' we have:

T(r,F)<Z(r,F)+ Z(r,G) + o(T(r, F)). (1)

Now, let m = Zk By Lemma 2 we have T'(r,F') > mT(r, f) + o(T(r, f)), T(r,G) >

mT(r,g) + o(T(r, g)) Consequently, since f, g are transcendental (resp. unbounded), so are F’
and G.

On the other hand, since T'(r, f') < T(r, f) —logr + O(1), T(r,g") < T(r,g) — logr + O(1),
we have Z(r, F) + G(r, F) <+ 1)(T(r, f)+T(r,g)) —2logr + o(T(r, f)). We also notice that
o(T(r,F)) = o(T(r, f)), o(T(r,G)) = o(T(r,g)). Consequently, by (1), we obtain mT(r, f) <
UT(r, f+T(r,g)) +o(T(r, f) and similarly, mT(r,g) < I(T(r, f) +T(r,g)) + o(T(r,g). So,

m(T(r, ) +T(r,9)) < QL+ 1)(T(r, f) + T(r,9)) + o(T(r, ) + T(r,9))- (2)

Thus, by (2) we have m < 2[ + 2. Moreover, we notice that if f, g € A(K) and if « is a constant,
(1) gets _ _
T(r,F)<Z(r,F)+ Z(r,G) —2logr + O(1)

hence m < 21.

Thus, if m > 20+ 2, or if f, g € A(K) and if « is a constant and m > 20 + 1, we have ¢ = 1.
We can then assume that ¢ = 1, therefore f'P'(f) = ¢’P’(g) and hence P(f) — P(g) is a constant
b € K. But then, by Lemma 3, b = 0. Finally, since P is a polynomial of uniqueness for A(K)
(resp. A(d(0,R™)), we can conclude f = g.

1
Corollary P.1: Let P(z) € K|z] be such that Y(P) > 2, let P'(z) = H(:v —a;)* and let f,g €
i=1
A(K) be transcendental such that f'P'(f) and ¢'P’'(g) share a small function o € Ap(K)NAg(K).
1 1
]kai > 20+ 2 then f = g. Moreover, if o is a constant and ikai >20+1 then f=g.
i=1 i=1

!
Corollary P.2: Let P(x) € Klz] be such that Y(P) > 3, let P'(z) = H(x—ai)k" and let
i=1
f,9 € Ay(d(a, R7)) be such that f'P'(f) and ¢'P’'(g) share a small function o € Ay(d(a, R7)) N
!
Ag(d(a, R7)). If Y ki > 21 +2 then f =g.

=1
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Theorem Q: Let f, g € A(K) be transcendental such that (f —a)"(f —b)*f' and (g —a)"(g —
b)kg' share the function o € Ay(K) N Ay(K) C.M. withn,k € N* and a € K*\ {0}. Then f = g.

Proof: Without loss of generality, we can assume ¢ = 0 and b = 1. Let P be the primitive of
2" (x — 1)* that admits 0 as a zero of order n + 1. By Lemma 3, we have P(f) = P(g). Now, we
can check that P(1) # 0. Indeed, if 1 is a zero of P, then it is a zero of order k 4+ 1 and hence
deg(P) = n+ k + 2, a contradiction. Consequently, ®(P) = 2 and therefore, by Theorem B, P is
a polynomial of uniqueness for A(K). Hence f = g.

Theorem R: Let f,g € A,(d(0,R7)),let « € Ap(d(0,R™)) N Ay(d(0,R™)) and let a,b €
K\{0},a#b. If (f —a)™(f —b)*f" and (g — a)™(g — b)*g’ share the function « C.M. and n > 3,
then f = g. Moreover, if (f —a)"(f —b)f" and (g —a)"(g — b)g' (with n > 1) share the function
a C.M. and if n > 1, then again f = g.

Proof: Without loss of generality, we can assume ¢ = 0 and b = 1. Let P be the primitive of
2™ (z — 1)* such that P(0) = 0. If k = 2 and n > 3, we can apply Theorem C showing that P is a
polynomial of uniqueness for A4,,(d(0, R~)) and then, by Theorem P we have f = g.

And now suppose k = 1. Then P’(x) has two distinct zeros, one of order 1 and hence by
Theorem C, P is a polynomial of uniqueness for 4, (d(0, R~)). Consequently, by Theorem P, we
have f = g.
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